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Abstract

A novel generative machine learning approach for the simulation of sequences of financial price data with drawdowns
quantifiably close to empirical data is introduced. Applications such as pricing drawdown insurance options or devel-
oping portfolio drawdown control strategies call for a host of drawdown-realistic paths. Historical scenarios may be
insufficient to effectively train and backtest the strategy, while standard parametric Monte Carlo does not adequately
preserve drawdowns. We advocate a non-parametric Monte Carlo approach combining a variational autoencoder
generative model with a drawdown reconstruction loss function. To overcome issues of numerical complexity and
non-differentiability, we approximate drawdown as a linear function of the moments of the path, known in the litera-
ture as path signatures. We prove the required regularity of drawdown function and consistency of the approximation.
Furthermore, we obtain close numerical approximations using linear regression for fractional Brownian and empirical
data. We argue that linear combinations of the moments of a path yield a mathematically non-trivial smoothing of
the drawdown function, which gives one leeway to simulate drawdown-realistic price paths by including drawdown
evaluation metrics in the learning objective. We conclude with numerical experiments on mixed equity, bond, real
estate and commodity portfolios and obtain a host of drawdown-realistic paths.
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1. Introduction

Market generators are generative machine learning
(ML) models with the specificity of modeling financial
markets such as stock price or return time series, or-
der books, implied volatility surfaces, and more. They
have gained popularity in recent years (Wiese et al. [1],
Koshiyama et al. [2], Cont et al. [3], Bergeron et al.
[4]). Arguably the main advantage of generative ML
over existing simpler solutions such as standard Monte
Carlo engines is being able to simulate realistic finan-
cial time series without having to specify a data gener-
ating process (DGP) a priori. Scenario realisticness re-
lates to low distributional divergences between the ac-
tual and generated return distributions (such as differ-
ence in normalized moments or max mean discrepancy,
entropy or Kullback-Leibler divergence, optimal trans-
port measures like Wasserstein distance, etc.), and dis-
tances between their autocorrelation functions and tail
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indices. Some striking results in the latter regard have
been found in Wiese et al. [1], Cont et al. [3], Buehler
et al. [5] and Vuletić et al. [6].

A drawdown is a price fall relative to its historical
maximum. In this article, we argue that one can use a
market generator as a non-parametric Monte Carlo en-
gine in order to solve the difficult problem of generating
realistic drawdown scenarios. With parametric DGP ap-
proaches, no explicit analytical link between the under-
lying DGP parameters and their corresponding draw-
down distribution is known, unless under very restric-
tive assumptions. Parametric approaches to drawdown
have commonly relied on Brownian assumptions as to
use Lévy’s theorem to obtain this analytical drawdown
distribution. Especially in applications where this mea-
sure is crucial one would need theoretical guarantees
that upon convergence of the parameters of the gener-
ative model drawdowns are explicitly preserved. Ex-
amples include pricing drawdown options for max loss
insurance (Carr et al. [7], Atteson and Carr [8]) and con-
trolling for drawdown in a portfolio optimization con-
text (Chekhlov et al. [9], [10]).
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The main contribution of this paper is overcoming the
issues of non-differentiability and numerical complex-
ity inherent to the drawdown function by approximat-
ing it with a linear regression on the path’s signature
terms. Signatures serve as the moment generating func-
tion on the path space and are because of their universal-
ity (Chevyrev and Oberhauser [11]) the likely candidate
for universal approximation of drawdown with a linear
function. We prove the required regularity of drawdown
function and the consistency of the approximation. Fur-
thermore, we discuss the adequacy of the approximation
as a function of the approximation order and for differ-
ent levels of roughness and sample sizes. We argue that
by adding weighted moments of the path to the recon-
struction loss of the market generator, one can obtain re-
alistic drawdown scenarios, solving the understatement
of adverse drawdown scenarios of traditional generative
model architectures or common DGP assumptions.

The article is structured as follows. Section 2 cov-
ers the background on market generators and positions
our problem setting within this literature. Section 3
discusses drawdowns, notations and its Lipschitz con-
tinuity following from its reformulation as a non-linear
dynamic system. Section 4 summarizes some key el-
ements from rough path theory and the approximation
of functions on paths. We propose a linear approxi-
mation of drawdowns in the signature space. Section
5 introduces our market generator model and its imple-
mentation. Section 6 covers our numerical study with
experiments on fractional Brownian and empirical data.
Section 7 concludes.

2. Market Generators

This section briefly covers the background on market
generators, related papers and their commonalities that
lead to the questions posed in this paper.

The potential benefits of generative machine learn-
ing for modeling financial time series have been early
recognized by Kondratyev and Schwarz [12], Henry-
Labordere [13], and Wiese et al. [1], who first applied
restricted Boltzmann machines (Smolensky [14]) and
generative adversarial networks (Goodfellow et al. [15])
respectively to financial sequences data. Since those pa-
pers, a host of use cases have been proposed that in-
clude time series forecasting (Wiese et al. [1]), trading
strategy backtesting (Koshiyama et al. [2]), hands-off
volatility surface modeling (Cont and Vuletić [16]), op-
tion pricing and so-called deep hedging (Buehler et al.
[5], [17]), and more.

Closest related to this work is the paper of Buehler
et al. [5] who also use the combination of variational

autoencoder and signatures, with the general aim of re-
producing some of the stylized facts of financial time
series (Cont [18]). However, they use signatures in the
input space and then output signature values, which im-
plies that deploying their model requires a scalable in-
version of signatures back to paths, which is far from
trivial. Similar to Ni et al. [19] who use signatures in
the discriminator of a GAN architecture, the generator
in this paper does not output signatures but only uses
them in the loss evaluation step. Moreover, much work
on market generators has revolved around adjusting the
loss function such that desired features of the timeseries
are reproduced. This is very close to our proposed ap-
proach. Cont et al. [3] evaluate the tail risk (value-at-
risk and expected shortfall) of the simulations to evalu-
ate their adequacy. Recently, Vuletić et al. [6] included
profit-and-loss (P&L) similarity and Sharpe ratios in the
loss function to increase the financial realism of the gen-
erated scenarios. This paper builds on top of that. Draw-
down is a similar metric that in most financial contexts
would be a useful feature to reproduce, because it cap-
tures both P&L and autocorrelation, but in fact is in
some financial contexts the most important metric, such
as portfolio drawdown control, optimization, or draw-
down insurance. For instance, some investment strate-
gies or fund managers get automatically closed down if
they breach certain drawdown limits and it is thus cru-
cial that a simulation of their strategies does not under-
state the probability of larger drawdowns. However, as
a path functional, rather than a function on a P&L distri-
bution like a tail loss or Sharpe ratio, drawdown is much
more difficult to evaluate. That is why we introduce the
approximation trick in the next sections.

3. Drawdowns

This section introduces the concept of a drawdown
and its notation used throughout the paper. We briefly
touch upon how it is usually approached in the litera-
ture, the issues for data-driven simulation of drawdowns
and the expression of drawdown as a non-linear dy-
namic system. The latter insight, combined with the
concept of a path signature, will allow us to introduce
the approximation in the next sections.

3.1. Introduction and notation
The drawdown is the difference at a point in time t

between a price S t and its historical maximum up to
that point. For a price path (in levels) S : [0,T ] −→ R
define drawdown function Ξ as:

ξt = Ξ(S )t = max(max
k<t

(S k) − S t, 0) (1)
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We are interested in the distributionP(ξ) as a function
of the DGP parameters of S , denoted by θ. It is clear that
the drawdown is a non-trivial function of the underly-
ing DGP and captures at least three dimensions. Firstly,
the drift or deterministic tendency of achieving a new
maximum. Secondly, the dispersion or volatility of S ,
which determines the probability of a loss vis-a-vis this
monotonic drift. Thirdly, and not grasped by standard
Markovian assumptions, the autocorrelation of losses or
the probability that the nonzero drawdown will persist,
i.e. the duration of the drawdown. The analytical link
between these components or a generalized DGP and
the drawdown distribution is unknown and depends on
the specific process. In the drawdown literature that
uses parametric simulation (e.g. [7][8][20][21]), one
often assumes (geometric) Brownian motion and lever-
ages Lévy’s theorem (Lévy [22]), which determines the
joint law of the running maximum of a Brownian and
the deviation to this maximum, to find the analytical
distribution of drawdown as a function of the drift and
volatility of the DGP. This yields closed-form expres-
sions of the distribution P(ξ) (e.g. see Douady et al.
[21] and more concisely Rej et al. [20]). However, mar-
tingale processes like Brownian motion do not exhibit
return autocorrelation and one expects a sequence of
consecutive losses to result in larger drawdown scenar-
ios. Goldberg and Mahmoud [23] assume an autoregres-
sive process of order 1 (AR(1)) and show that increas-
ing autocorrelation leads to more extreme drawdowns.
Van Hemert et al. [24] introduce drawdown greeks and
discuss the sensitivity of the maximum ξ value to the
autocorrelation parameter under normal return assump-
tions and find strong dependence on the assumed level
of AR(1) autocorrelation. Hence, standard martingale
assumptions only lead to optimistic lower bounds on
those worst case drawdown scenarios, as was also em-
phasized in Rej et al. [20]. Obtaining a simulated P(ξ)
faithful to the empirical drawdown distribution through
selecting DGP parameters is thus hard to obtain, as it
is very sensitive to serial dependence and the analyti-
cal link between θ and P(ξ) does not exist except un-
der very restrictive assumptions (cf. [24]). In draw-
down papers that use non-parametric simulation (e.g.
[9][10][25][24]), the scenarios are limited to the histor-
ical sample (e.g. historical blocks in a block bootstrap
procedure), which drastically limits available samples.
This jeopardizes the convergence of data-hungry mod-
els in the non-overlapping block case, and creates mul-
ticollinear (or identical) conditions for the overlapping
(or oversampled) blocks case. For instance, Chekhlov
et al. [10] discuss how multiple scenarios increase the
effectiveness of drawdown optimizers over a single his-

torical scenario, but also indicate how oversampling a
limited dataset has diminishing returns in terms of out-
of-sample risk-adjusted returns of the drawdown opti-
mization strategy. Ideally, one has a vast number of
rich drawdown scenarios, but this is limited with his-
torical simulation and an unsolved problem for para-
metric Monte Carlo. One way to cope with these is-
sues is to simply not embed the parameters that capture
drawdown in the DGP, derive its distribution from said
DGP assumptions or rely on few, overlapping or identi-
cal paths, but to construct a non-parametric simulation
approach that relies on learning with flexible mappings
rather than calibrating known parameters. We show that
one can rather rely on a market generator to abstract
both the DGP and the link between DGP and drawdown
distribution, and learn to reproduce this distribution in
a Monte Carlo. Learning means updating the parame-
ters of an implicit DGP (e.g. the parameters of a neural
network), denoted by θ, over batches of training data
of S to increasingly improve its ability to reproduce
the drawdowns in the synthetic samples, denoted by a
parametrized path S θ. This Monte Carlo could be used
to devise strategies that control drawdown or as a simu-
lation engine for pricing drawdown insurance in a fully
non-parametric way.

3.2. Issues with the drawdown measure for data-driven
simulation

The problem with the drawdown measure, compared
to simpler measures on the moments of the P&L, is that
at first glance it looks unsuited for learning. The reasons
are twofold.

• Differentiability: Ξ is non-differentiable w.r.t. a
parameterized path S θ. At first glance it looks im-
possible to change the DGP parameters θ by in-
cluding ’feedback’ on δ(Ξ(S θ))

δ(θ) , without making sim-
ple assumptions on the specification of θ.

• Complexity: evaluating the maximum of a vector
of n numbers takes n operations or O(n). Naively
evaluating the running maximum takes n(n + 1)/2
or O(n2) operations. If one would use a smoothed
approximation of the maximum (such as smooth
normalized exponentials [26] or softmax transfor-
mation) to resolve non-differentiability, this would
be computationally prohibitive (especially for long
n paths). Moreover, accuracy of such naive expo-
nential smoothing would rely on the scale of S and
variation around the local maxima.

The main contribution of this paper is that these is-
sues of non-differentiability and numerical complexity
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can be jointly overcome by approximating the draw-
down of a path by using linear regression on its signa-
ture terms.

3.3. Drawdown as a non-linear dynamic system and
Lipschitz continuity

Assume the price path S : [0,T ] −→ R is a piece-
wise linear continuous path of bounded variation (e.g.
finite variance), such as interpolated daily stock prices,
index levels or fund net asset values (NAV)4. Denote
by V([0,T ],R) the (compact) space of all such paths.
Firstly, we need to remark that while from (1) we know
the max operator makes Ξ not continuously differen-
tiable, the variation in Ξ is bounded by the variation in
the paths. When taking two bounded paths the distance
between their maximum values is bounded by a norm
on the distance between their path values:

| max
0<i<T

(S 1
i ) − max

0< j<T
(S 2

j )| ≤ max
i, j∈[0,T ]

|S 1
i − S 2

j | = ||S
1 − S 2||∞

(2)
where |.| denotes the standard absolute value sign (as
an S t is a scalar), while ||.||∞ denotes the infinity norm
or maximum distance between two paths (as an S is a
full path). In words, the distance between two max-
ima is capped by the maximum distance between any
two values on path S 1 and S 2. This means that if two
paths become arbitrarily close in terms of this distance,
their respective maxima will become arbitrarily close.
More specifically, the maximum is Lipschitz-C conti-
nous, with distance inf-norm and C = 1. Similar argu-
ments can be made for Ξ, i.e. application of the max-
imum operator and a linear combination of two piece-
wise linear paths is Lipschitz continuous. In particular,
Proposition 3.1 shows that the impact on the drawdown
function of a change in the underlying paths is bounded
in terms of a defined distance metric (inf-norm).

Proposition 3.1 (Lip-regularity of Ξ). Consider by
V([0,T ],R) the space of continuous paths of bounded
variation [0,T ] → R, two paths S 1, S 2 ∈ V and draw-
down function Ξ(S )t : V → R = maxk≤t(S k) − S t. We
have the following Lipschitz regularity for inf-norm dis-
tance ||.|| and a regularity constant C:

||Ξ(S 1)t − Ξ(S 2)t || ≤ C||S 1 − S 2|| (3)

Proof.

||Ξ(S 1)t − Ξ(S 2)t || = ||max
i≤t

(S 1
i ) − S 1

t −max
j≤t

(S 2
j ) + S 2

t ||

≤ max
i, j∈[0,t]

||S 1
i − S 2

j || + ||S
2
t − S 1

t || ≤ C||S 1 − S 2||

(4)

4For the definition of boundedness in the p-variation sense see
[27].

Through triangle inequality, the Lipschitz condition
holds for C minimal 2 and distance metric ||.||∞, which
concludes the proof.

The difference in drawdown between two paths is
thus bounded by the distance between the paths. This
means that if two paths become arbitrarily close accord-
ing to said distance metric, their drawdowns will be-
come arbitrarily close. In this article, we explore what
this regularity implies for local approximation.

Observe below the differentials of ξ and S at a spe-
cific point in time t, i.e. we treat drawdown as a
non-linear dynamic system which is unnatural as non-
differentiability implies dξt

dS t
is not a continuous function

(e.g. what one would depend on for Taylor series-like
local approximations). Consider the following dynamic
system (also see [21]):

dξt = f (ξt, dS t) =
 − dS t, ξt > 0

max(0,−dS t), ξt = 0
(5)

Depending on the current level of drawdown the effect
of a price change is either linear or none, hence the
derivatives are path dependent. This conditionality il-
lustrates the non-differentiability of Ξ at a time t and
the fact that the differentials |dξt | ≤ |dS t | are bounded.
This observation also provides intuition as to why lo-
cal approximation is feasible. It does make sense to do
an interpolation between linear and zero effects, and be-
cause of the boundedness one would not be arbitrarily
off. For instance, one could assume linear dynamics but
with a stochastic component derived from the average
time in drawdown, i.e. the probability of a linear ef-
fect. In practice, however, the solution of this stochastic
equation would still depend on our estimate of the av-
erage time in drawdown and in that sense not resolve
the inherent path dependence. Hence, ideally we would
express ξ as some function of the vector-valued S (or in-
tervals of S ), rather than a scalar S t (or increments dS t)
and treat the path dependence in a more natural way. In
the next section, this is exactly what rough path theory
allows us to do: solving the types of equations Eq. (5)
belongs to, offering strictly non-commutative (thus or-
der or path dependent) solutions to these complex non-
linear dynamic systems, allowing for a unique solution
for the outputs ξt given inputs S , even if their effects f
are not continuously differentiable.
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4. Rough path theory and the approximation of
functions on paths

This section briefly recapitulates some of the central
ideas of rough path theory, path signatures and the ap-
proximation of functions on paths. Next, we discuss the
signature approximation of drawdown where we con-
sider the drawdown of a path as an approximate linear
weighing of the moments of the path. This will offer
the foundation for generating weighted signatures in the
market generator of Section 5.

4.1. Path signatures

Rough path theory was developed by Terry J. Lyons
(Lyons et al. [28], [27], [29]) and concerns solving
rough differential equations. Consider the controlled
differential equation (Lyons et al. [28], Eq. (2)):

dYt = g(Yt)dXt (6)

where X is a path of bounded variation, called the driv-
ing signal of the dynamic system. g is a mapping called
the physics that models the effect of dXt on the response
dYt. A controlled differential equation distinguishes it-
self from an ordinary differential equation in that the
system is controlled or driven by a path (dX) rather than
time (dt) or a random variable (stochastic differential
equation, dε). Rough path theory considers solution
maps for driving signals that are much rougher (highly
oscillatory and potentially non-differentiable) than e.g.
a linear path of time or a traditional Brownian driving
path. It is more robust to consider Eq. (6) over Eq.
(5), and replace dS t as an input with its integral. We
can rewrite Eq. (5) in this form by setting Y = Ξ,
Xt = (t,

∫ t
s=0 dS sds) and g(y, (t, x)) = f (e.g. see Liao

et al. [30], Eq. (2)). This allows the effect to be of
a broader type and need not even be differentiable for
equation (6) to be well defined. The Picard-Lindelöf
theorem (Lyons et al. [28], Theorem 1.3) states that if
X has bounded variation and g is Lipschitz5, then for
every initial value y0 in the image of Y , the differential
equation (6) admits a unique solution. Importantly, if
the effect of X on Y is not Lipschitz, we lose the unique-
ness of the solution. As shown in Appendix 7, through

5For a complete definition of this regularity assumption, see [28],
Definition 1.21. This means (1) the effect g being bounded over all
values y in the image of Y . This naturally holds for drawdown of
bounded variance paths. And (2) the difference in effect of two inputs
is bounded by the difference in inputs, which was the main result in
Section 3.3

Picard iteration and under an additional regularity as-
sumption6 on g, one naturally arrives at M-step Taylor
approximation Ŷ(M)t on the path space for the Yt in Eq
(6):

Ŷ(M)t = y0+

M∑
m=1

g◦m(y0)
∫
...

∫
u1<...<um,u1,...,um∈[0,T ]

dXu1⊗...⊗dXum

(7)
The m-fold iterated integral on the right hand side of

Eq (7) is called the m-th order signature of the path X,
which we denote by Φm(X).

Signatures have useful symmetries and properties,
for our use case most notably universality and unique-
ness, which we will briefly explain below. For now, we
should note that equations of this form admit uniform
estimates of Y when X is a rough path (highly oscil-
latory and non-differentiable), and it suffices to control
the variation of the path X (of bounded p-variation, such
as finite-variance paths) and the regularity of Y (Lyons
et al. [28], conditions7 for Eq. (2) to hold).

Clearly, Ŷ(M)t is linear in the truncated signature of
X up to order M. Moreover, the error bounds of Ŷ(M)t

to approximate Yt display a factorial decay in terms of
M:

|Yt − Ŷ(M)t | ≤ Cγ
|X|M+1

1,[0,t]

M!
(8)

where the rate decay depends on the roughness of the
signal8, denoted by γ [31]. Eq. (7) and (8) aptly sum-
marize the signature’s universality, i.e. a non-linear Y
on X can be well approximated by a linear function L
on Φm(X).

For instance, if one replaces the path X by scalar x
and thus non-commutative tensor products ⊗ become
simple products, the m-times repeated integral on dx is
xm

m! which is the classical exponential series we know
from a standard Taylor expansion. Signatures are thus
the monomials of the path space (Lyons [27]), the gener-
alization of local approximation to functions of paths by

6For simplicitly, in analogy to Lyons [27], we assumed here that
the iterated g◦m takes their values in the space of symmetric multi-
linear forms, but this generalizes to any Lipschitz continous g as per
Remark 1.22 in Lyons et al. [28]. This simply means that if g is differ-
entiable, the g◦m are indeed the classical m-th order derivatives of g,
in general they are only polynomial approximations of g at increasing
orders.

7In short, the Lipschitz continuity of Y as per above implies the
continuity of the Ito-Lyons solution map.

8The roughness in the p-variation sense can be understood as the
maximum (supremum) amount of variation (bounded by a defined Lp-
norm, |X|pu,[0,T ]) a path X over [0,T ] can have over all subdivisions
u ⊆ [0,T ]. The more complex the path, e.g. antipersistent variation,
the worse the approximation becomes for a given level of M.
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offering a strictly non-commutative exponential func-
tion.

Chevyrev and Oberhauser [11] introduce signatures
as the moment generating function on the path space,
as they play a similar role to normalized moments for
path-valued data instead of scalar-valued data. This is
the uniqueness property: paths with identical signatures
are identical in the distributional sense as are scalars
with the same sequence of normalized moments.

Proof of signature universal non-linearity is due to
Lemercier et al. [32] (also see Lyons and McLeod [29]
for a more recent redefinition of the result in Theorem
3.4) who prove that for a Lipschitz9 continous h, path
of bounded variation X, there exist a vector of linear
weights L such that for any small ϵ:

|h(X) − ⟨L,Φ(X)⟩| ≤ ϵ (9)

where ⟨x1, x2⟩ denotes the standard inner product be-
tween vectors x1 and x2, and Φ(X) the infinite M signa-
ture or infinite collection of iterated integrals of a path.
By the Stone-Weierstrass theorem (a crucial theorem in
proving the universal approximation capabilities of neu-
ral networks, Cotter [33] and Hornik [34]) it is proven
that signatures are a universal basis in the sense that they
allow us to express non-linear path functions h as a lin-
ear function of signatures Φ(X) provided that they have
the required regularity. As for classical Taylor series,
although a function might not be k-times differentiable,
a high order smooth polynomial approximation can be
a quantifiably close (bounded error) approximation for
bounded Lipschitz functions, provided C is small. In
this paper, we apply this common insight to path func-
tions, and drawdowns in particular.

4.2. Signature approximation of drawdown

We noted in Section 3 that drawdown is a non-linear,
non-differentiable function of its underlying path S θ,
which is smooth in the bounded differentials dξ/dS
sense. Its outcome can be seen as an interpolation be-
tween two types of path dependent effects. In this sec-
tion, we leverage the boundedness of Section 3 together
with the universality of signatures of Section 4 to intro-
duce a smooth local approximation by linear approxi-
mation of drawdown on path signatures.

9Again this means h does not need to be k-times differentiable, but
the k-th order differentials need to be bounded.

We propose an approximation ξ̂(M)t of ξt of the form:

ξ̂(M)t = ξ0 +

M∑
m=1

Lm

∫
...

∫
u1<...<um,u1,...,um∈[0,t]

dS u1 ⊗ ... ⊗ dS um︸                                       ︷︷                                       ︸
Φm(S )

(10)
where Lm is a vector of linear coefficients linking the
drawdown at t with the signature terms of order m of
the path S up to t. As per above, L could be consid-
ered the iterated effects of intervals up to t on the re-
sulting drawdown ξt, where the coefficients are not the
m-th order derivatives as they are not defined, but poly-
nomial approximations that are essentially numerical in-
terpolations of the nested effects. Signatures thus offer a
strictly non-commutative alternative to the polynomials
Taylor series would suggest.

Importantly, for this integration to make sense the
path S has to be continuous, hence in practice aug-
mented from discrete observations into the continu-
ous domain by time-augmenting the path. This means
adding time as an axis and assuming piecewise linear
paths10. Other options such as lead-lag and rectilinear
augmentation exist (see Lyons and McLeod [29]), but
are not favored for this application and may add dimen-
sionality to the paths which increases the number of sig-
nature terms per level M and related compute time.

As the ordered iterated integrals represent the drift,
Levy area, and higher order moments of the path dis-
tribution (see Chevyrev and Oberhauser [11]), Eq. (10
) thus argues that drawdown can be approximated as a
linear function of the moments of the path11. Leveraging
factorial decay of the approximation error for Lipschitz
functions, we argue with Proposition (3.1) and Eq. (5)
that with the full signature M −→ ∞ one gets an arbi-
trarily close approximation of ξ, where the rate decay
depends on the roughness, denoted by γ, of the under-
lying price process S (see proofs in Boedihardjo et al.
[31]).

In the more compact inner product notation, we pro-
pose to apply Eq. (9) to drawdown:

|Ξ(S ) − ⟨L,Φ(S )⟩| ≤ µ (11)

where the arbitrary precision µ is only in theory, because
in practice we rely on the truncated signatures of level

10Note that in the computation of signatures of piecewise linear
paths, one can use Chen’s identity [27] to compute the signature as
the iterated tensor product of the increments of the path along the
time axis, which alows for efficient computations for practical dis-
crete (but assumed piecewise linear) data (cf. practical computation
of signatures, Section 5 in [29]).

11Already note here the parallel with the link between quantiles and
traditional moments, which we will restate in Section 5.1.
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M as the full signature is an infinite collection, and thus
there will be an error κ that due to the ordered nature of
the coefficients decays factorially in M (e.g. Eq. 8 for
the intuition and Boedihardjo et al. [31] for the proofs):

Ξ(S ) = ⟨L̂,ΦM(S )⟩ + κM (12)

Ξ̂M(S ) = ⟨L̂,ΦM(S )⟩ (13)

where L̂ are the estimated coefficients for a chosen sig-
nature truncation level M, contrasting the theoretical
infinite collection of weights L. Similarly, Ξ̂M(S ) is
the approximated drawdown for this truncation level M,
while Ξ(S ) is the exact value. Note that one could also
do an equivalent truncation of the number of linear coef-
ficients len(L̂) rather than the signature order. However,
from Eq. (10) we know that it is more natural to choose
a set of linear coefficients that corresponds to a number
of signature terms following the choice of M.

Proposition 4.1 looks into the consistency behaviour
of κ with respect to a sample size of K sample paths
drawn fromV and next we highlight small sample prop-
erties that become apparent from the proof.

Proposition 4.1 (Consistency of linear Ξ(S) ap-
proximation on signatures ΦM(S)). Consider by
V([0,T ],R) the space of continuous paths of bounded
variation [0,T ]→ R, K ⊂ V is a compact subset com-
prising sample paths S k, k ∈ [0, ...,K], and Ξ : V → R
is the Lip continuous drawdown function. The approx-
imation error κ of Ξ(S ) for any S in V by Ξ̂(S ) is
bounded through the regularity of Ξ (Proposition 3.1)
and the distance in the signature space between S and
any S k, such that for K → ∞, κ → 0, or

|Ξ(S ) − Ξ̂(S )| → 0, for K → ∞ (14)

Proof. Universal nonlinearity of signatures (Eq. 9) is
due to Theorem 2.1 in Lemercier et al. [32] and states
that for defined V and K there exists a truncation level
M ∈ N and coefficients L̂ such that for every S k ∈ K we
have that for any ι

|Ξ(S k) − ⟨L̂,ΦM(S k)⟩| ≤ ι (15)

We decompose κ = |Ξ(S )−Ξ̂(S )|with a triangle inequal-
ity as suggested by Eq. (3.6) in Lyons and McLeod [29]:

|Ξ(S ) − Ξ̂(S )| ≤ |Ξ(S ) − Ξ(S k)|+ (16)

|Ξ(S k) − Ξ̂(S k)| + |Ξ̂(S k) − Ξ̂(S )| (17)
= AK + BM(K) + CK (18)

This inequality bounds the error by the regularity of Ξ
in A, the ι of Eq. (15) in B and a signature distance in
C.

By Proposition 3.1, we find that A ≤ C||S − S k ||∞.
For any k ∈ [1, ...,K] with K → ∞ and the compactness
ofV there exists a k such that ||S − S k ||∞ → 0 such that
A can be reduced to zero. By Eq. (15), B ≤ ι, such that
this term is governed by the rate decay of Eq. (8). Eq.
(15) guarantees we can pick an M high enough such that

through Eq. (8), ι ≤ Cγ
|S |M+1

1,[0,T ]

M! such that this term can be
shrunk arbitrarily small as M can be set arbitrarily large
for K → ∞.

As per Eq. (3.7) in Lyons and McLeod [29] the differ-
ence between the approximated drawdown of two paths
can be bounded by a linear combination of the differ-
ence in signatures:

C ≤ |⟨L, |ΦM(S k) − ΦM(S )|⟩| (19)

for an appropriate choice of rough path distance met-
ric [29]12. For any k ∈ [1, ...,K] with K → ∞ and
the compactness of V there again exists a k such that
|ΦM(S k) −ΦM(S )| → 0 such that C could be reduced to
zero, which concludes the proof.

In sum, κ converges to zero for K → ∞ provided that
Proposition (3.1) holds for A, while compactness of V
(B and C) is a reasonable assumption in practice.

For finite K, we can still use the decomposition in
the proof to do error analysis. The drawdown approxi-
mation will generalize well as far as (A) the maximum
distance between available samples S k and possible new
samples inV is small, (B) the signature truncation level
M is chosen appropriately high for the given roughness
of the process to let ι be small enough, (C) as per (A)
the distance between the signatures of observed and un-
observed paths is small such that term C is small.

Finally, a remaining modelling choice is the specific
choice of L. As the approximation is essentially lin-
ear, Eq. (12) can be estimated using linear regression
(OLS) and higher order polynomials are not required
(as one would need to do with e.g. logsignature regres-
sion [29]). However, since in practice the sample K is
limited and the number of signature terms scales expo-
nentially with M, one has to be mindful of overfitting
on a limited sample size K, e.g. len(ΦM) > K. There-
fore, we study the impact of regularized linear regres-
sion of Ξ(S ) on ΦM(S ) with a penalty for the number
(absolute shrinkage or selection) and size (proportional
shrinkage) of estimated coefficients (i.e. the elastic net
(ElNet) regression). We conclude by specifying:

L̂ = min
L

(||Ξ(S )−⟨L,ΦM(S )⟩||2+λ1||L||1+λ2||L||2) (20)

12More specifically, an Lp-norm in the path space that bounds the
p-variation of these differences (Lyons et al. [28]).
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Ξ̂M(S ) = ⟨L̂,ΦM(S )⟩ (21)

where λ1 = λ2 = 0 corresponds to OLS, λ1 = 0 corre-
sponds to Ridge and λ2 = 0 to LASSO regression [35].
In applications below, we set λ1 and λ2 using 10-fold
cross-validation (CV), such that we can further refer to
Eq. (20) as ElNetCV.

5. The model

5.1. Introduction
In this section, we introduce and motivate our gen-

erative ML model. The aim of the drawdown market
generator, from here on named the ξ-VAE, is that upon
convergence of (train and validation) reconstruction loss
terms we have guarantees that the synthetic samples
have preserved the drawdown distribution of the orig-
inal samples. This is generally not the case in market
generator models or financial DGPs with standard mar-
tingale assumptions (as per Section 3).

Crafting a DGP to obtain a certain level of drift,
volatility or higher order moments is mathematically
more straightforward, as those are typically the equa-
tions that constitute the DGP. With measures on the
P&L, such as value-at-risk (VaR) or expected shortfall
(ES) (Cont et al. [3]), one can leverage the direct ana-
lytical link between quantiles and moments (e.g. Boudt
et al. [36]). As per Section 3, one can express the draw-
down distribution as a function of the moments of the
static P&L described by the DGP as well, but only under
very restrictive assumptions (e.g. Douady et al. [21] and
Rej et al. [20]). Besides, one would expect drawdown to
be a function of the moments of the path (vector-valued)
S , rather than the (scalar-valued) S t.

In this article, we proposed to approximate drawdown
as a linear combination of the moments of the path, as
Chevyrev and Oberhauser [11]) define signatures as the
moments of the path. As an analogue to quantiles and
static moments, we can evaluate these path moments
and weigh them according to their importance to simu-
late realistic drawdowns. Moreover, this approximation
implies a smoothing of the drawdown function by the
change of basis. The signature is a non-parametric sum
of path values. Weighted sums are differentiable13. In-
deed, because of linearity the loadings of drawdown to
signature terms can also be seen as the sensitivities of a
path’s drawdown to changing signatures.

13That is why Kidger and Lyons [37] focus on this differentiability
property for efficient CPU and GPU implementations in their signa-
tory (https://pypi.org/project/signatory/) package, which
we use in our Python code.

Measuring the divergence between the moments of
a path by means of a maximum mean discrepancy
(MMD) was proposed by Buehler et al. [5]. We essen-
tially add that it is useful to weigh these moments ac-
cording to the L from Eq. (20) to minimize (and control
for) the drawdown divergence between the input and the
output samples during training (and validation) epochs.
This has the advantages of (1) not requiring signatures
in the input or output space, only as part of the objec-
tive, and (2) having an explicit drawdown term in the
reconstruction loss that allows one to monitor its con-
vergence during training and validation. The next sub-
section will make this motivation specific and introduce
the algorithm.

5.2. The algorithm
Variational autoencoders. The core of our algorithm
is a variational autoencoder (VAE), which is a general
generative machine learning architecture that links an
encoder and decoder neural network in order to gener-
ate new samples from a noisy, in this case Gaussian,
latent space. The idea of a Monte Carlo is to transform
noise into samples that are indistinguishable from the
actual samples by scaling them, adding drift, etc. In
other words, the neural network that constitutes the de-
coder is our non-parametric DGP. It does contain the pa-
rameters of the neural network, but it is non-parametric
in the sense that we do not have to specify the dynam-
ics in a handcrafted formula before we can do Monte
Carlo. We rather rely on the universal approximation
theorems behind even shallow neural networks (Hornik
[34] and Cotter [33]) to approximate a realistic DGP by
iterating data through the network and updating the pa-
rameters θ with feedback on the drawdown distribution
of the batch, assuring that the approximated DGP con-
verges in train and validation loss to the empirical DGP.

We will not discuss the VAE architecture in depth
here, but include an architectural overview in Appendix
7 and refer the interested reader to Kingma and Welling
[38] for details on the encoder and decoder networks
g, backpropagation, the latent Kullback-Leibler LL loss
and the standard L2 reconstruction loss LR.

We should stress here that the main reason for pick-
ing a rather standard VAE (over restricted Boltzmann
machines, generative adversarial networks, generative
moment matching networks or normalizing flow-based
VAEs) is their simplicity, speed, flexibility, scalability
and stability during training. Boltzmann machines are
very efficient to train, but the energy-based loss func-
tion and their binary values makes them very inflexible
for adjusting objective functions. Through the discrim-
inator mechanism GANs are most flexible and a very
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popular choice in related literature, but notoriously ex-
pensive to train in terms of required data and speed, and
associated instabilities such as mode collapse and van-
ishing gradients leading to subpar results (Eckerli and
Osterrieder [39]).

Algorithm 1 Training ξ-VAE
Input Historical price paths S : [0,T ] → R, hyperparameters (listed in Ap-

pendix 7), signature truncation level M and feature weight α.

Output Trained VAE Market Generator gθ

1: procedure Train
2: Divide historical sample into blocks (index b, b ∈ [1,T − τ]) of

length τ, calculate the signatures of these paths truncated at level
M, ΦM (S b), calculate the drawdowns Ξ of these paths Ξ(S b)τ =∫ τ
0 (maxti<t(S b,ti ) − S b, t)dt

3: L̂←− ElNetCV(Ξ(S b),ΦM(S b)
4: Initialize the parameters θ of the VAE.
5: for i : {1, ...,Nt} do:
6: Sample a batch (index B) of blocks and pass it through the

encoder gθ and decoder network g−1
θ .

7: Calculate drawdown Ξ(S ′) of the output sample S ′ using the
differentiable signature approximation: ⟨L̂,ΦM (S ′)⟩

8: Define the reconstruction loss term as the weighted aver-
age of L2 error and drawdown loss: LR = EB ||S − S ′ ||2 +
αEB ||⟨L̂,ΦM (S )⟩ − ⟨L̂,ΦM (S ′)⟩||2

.

9: L = LL +LR
10: θi ←− θi−1 − l δL(θ)

δθ

Algorithm 2 Sampling from ξ-VAE
Input Trained VAE Market Generator gθ .
Output Ng generated samples S ′

1: procedure Generate
2: for j : {1, ...,Ng} do
3: Sample a random Gaussian variable Z
4: S ′ ←− g−1

θ (Z)

Training and sampling from ξ-VAE. The proposed al-
gorithm is provided in Algorithm 1 and 2. In short, we
propose to include the divergence between the observed
drawdown distribution of a batch B, which is a stochas-
tically sampled set of blocks of τ subsequent points of
S , and the synthetic drawdown distribution (the draw-
downs of reconstructed samples S ′) in the reconstruc-
tion loss function. The market generator can be inter-
preted as a moment matching network, adding the mo-
ments of drawdown rather than returns14.

As input ξ-VAE takes historical price paths S , a sig-
nature truncation level M, objective scale α15, and the
VAE hyperparameters listed in Appendix 7. The output

14For instance, this distributional distance over a batch is identical
to the distance between the actual and fitted distributions in Figure .10,
which is the drawdown distribution we want to preserve in synthetic
samples.

15Through Grid Search, 1e−4 was chosen for ξ-VAE, while zero
corresponds to a standard VAE.

is a trained neural DGP (encoder and decoder network)
that allows to transform random Gaussian variables into
new paths indistinguishable16 from original data.

The key steps for training a ξ-VAE, distinctive from
a standard VAE (cf. Appendix 7), are:

• Signature drawdown approximation (Step (3)):
compute the signatures up to order M of each
block, ΦM(S b), and regress them on the drawdown
of the path, Ξ(S b) , using Eq. (20). This results
in one set of weights L̂ that are used over the Nt

training steps. This approximation overcomes the
numerical complexity issue inherent to naive itera-
tive (closed-form Ξ) evaluation of drawdown.

• Drawdown divergence evaluation (Step (8)):
drawdown divergence over a particular batch of
data is defined as the distance between the orig-
inal and replicated drawdown distribution: Lξ =
EB||⟨L̂,ΦM(S )⟩ − ⟨L̂,ΦM(S ′)⟩||2. The approxima-
tion overcomes the issue that closed-form Ξ eval-
uations cannot yield informative gradients in Step
(10) and Lξ would be ignored (flat) in training.

While standard (α = 0.0) LR terms converge sooner,
the additional Lξ term shifts the distributions towards a
P(ξ) close to the empirical one. As per below, this can
be seen by monitoring the Lξ term during training and
validation epochs.

6. Numerical results

This section comprises the numerical results of the
outlined methods. First, we discuss the accuracy of lin-
ear approximation of drawdown in the signature space
on simulated and real world data, focusing on the er-
ror rate decay and consistency. Second, we discuss the
accuracy of the drawdown market generator.

6.1. Linear drawdown approximation with signatures

This part analyses the accuracy of the approximation.
Section 6.1.1 describes the simulation set up and results
for fractional Brownian simulated data. Section 6.1.2
discusses the accuracy of the approximation on empiri-
cal data.

16With regard to the train and test convergence criteria LR (ξ-VAE
and VAE) and Lξ (only ξ-VAE.).
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6.1.1. Bottom-up simulations
Simulation set up. We expect to find uniform decay as
a function of truncation level M of estimated drawdown
approximation error κ̂ in-sample, where the decay con-
stant is a function of the roughness of the underlying
process. Out-of-sample we rely on the error decompo-
sition in Proposition 4.1 and expect the error to shrink
if K grows very large. Since the roughness of empiri-
cal data is unknown and has to be estimated, it is use-
ful to test the approximation in an experimental set up
where γ can be specified. We thus first test the approx-
imation (20) on simulated fractional Brownian motion
(fBM) paths.

Consider first the simplest case of homoskedastic BM
(dS t = µdt + σdε). In this simple case, the price path
S can thus be seen as the cumulative sum process of a
random uncorrelated standard Gaussian ε, scaled with
σ and added a deterministic drift µ. We consider piece-
wise linear paths of length T = 20 days with values
µ = 1%/252 and σ = 20%/252. fBM implements
BM where the uncorrelated Gaussian increments are re-
placed by fractional Gaussian increments that have a
long-memory structure. The martingale property that
the autocovariance between Gaussian increments has
expectation zero, is replaced by a generalized autoco-
variance function for two increments dS H at t and s (i.e.
lag t − s):

E[dS H
t dS H

s ] = 1
2 [|t|2H + |s|2H − |t − s|2H] (22)

where H is the so-called Hurst exponent (H). Note that
a H = 0.5 corresponds to Brownian increments, while
H > 0.5 yields smooth, persistent, positively autocor-
related paths and H < 0.5 yields rough, antipersistent
negatively autocorrelated paths. Intuition tells us that
the smaller H, the more granularity the path has, and
the worse the approximation will become for a certain
level of M.

There are hence three dimensions to this simulation
study. We want to evaluate the estimated error κ̂ as a
function of (1) roughness H, (2) signature approxima-
tion order M and (3) simulation size K. Therefore, we:

• Vary H between 0.4 and 0.7 with step size 0.05

• Vary M between 1 and 10 (naturally with unit
steps)

• Repeat the experiment for K in [1000, 5000,
10000, 20000, 50000]

• Fit regression Eq. (20)17 on K samples (train) and

17As per above we assume piecewise linear paths by time-

simulate ptestK new samples to evaluate test accu-
racy (ptest = 0.1).

Results and discussion. For readibility, the detailed
numerical results figures are included in Appendix 7,
where Figures .6 to .8 investigate the root-mean-squared
(RMS E) approximation error of the approximation for
these individual dimensions. Figure 1 is included in the
main text, as it gives a good overview of the expected
rate decay as a function of H and M and the consistency
for large sample sizes K.

We are initially interested in the consistency of the
regressions and evaluate the in- and out-of-sample dis-
crepancy as a function of sample size. Figure .6 shows
the difference between in- and out-of-sample accuracy
as a function of sample size log(K). We averaged the
difference for all simulation sizes over the values of M
to get a line per value of H (blue line), the opposite (red
line) or the overall average per K (black line).

The conclusions are twofold: (1) when K grows large
the discrepancy disappears, which relates to Proposition
4.1 in the sense that for K → ∞ the two error com-
ponents (terms A and C) that explain differences in in-
and out-of-sample performance shrink to zero, and (2)
the in-sample(IS)/out-of-sample(OOS) accuracy diver-
gence depends on confounders M and H implying an
improperly chosen M for smaller and/or rougher sam-
ples might lead to bad generalization (term B in error
decomposition).

Next, we look in Figure .7 at the train and test RMS E
as a function of the signature approximation order M.
When taking the average performance over K and H,
we find uniform decay in RMS E. When deconfound-
ing for sample size K, which you can find on the right
hand side of Figure .7, we find that only for the smallest
sample size the improvement in test accuracy stalls be-
fore M reaches its maximum value. This implies that for
large samples sizes one would prefer to choose the high-
est signature order that is possible given computational
constraints, i.e. the computing time scales quadratically
with the signature order M while the improvement in
accuracy has diminishing returns (also see Figure 2).
In sum, this indicates worse generalization abilities for
smaller samples driven by the distances discussed in
Proposition 4.1, rather than the M/K ratio as it is small
for all experiments.

augmenting [29] the paths and do standard scaling of the feature set
such that the coefficients and regularization penalties make sense. The
chosen λ1 and λ2 by CV is sample specific, but was stable around 4e−5

regularization (i.e. the scale of both lambdas w.r.t. total objective
value) and a λ1/λ2 ratio of 0.5.
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Figure 1: Factorial error (RMSE) decay as a function of H

Next, we check the relationship between the accu-
racy of the approximation and the roughness H of the
assumed process. In Figure .8, which shows the aver-
age RMS E per level of H, we find that the accuracies
improve uniformly with H.

Finally, the factorial error decay in M and the depen-
dency of its rate on H is best illustrated in Figure 1. The
vertical lines separate the different levels of H, denoted
on the x-axis, while in between M increases from 1 to
10, while K is fixed at the maximum 50000. It is clear
that for rougher processes the error is higher and de-
creases slower than for smoother processes, which we
derived from Eq. (8). For all levels of H, high orders
of M yield negligible approximation errors for this high
K. Moreover, the in-sample decay generalizes well to
out-of-sample error behaviour.

In summary, the simulation study confirms our initial
expectations of rate decay and IS-OOS consistency, but
raises some practical warnings as well:

• For a large number K of sample paths, say
log(K) > 3, one finds uniform decay in κ with both
H and M, in both test and training fits. In terms of
Proposition 4.1, the distances between any S and
the S k do become smaller with K and the estimated
L̂ generalize better.

• For small samples (log(K) < 3), the unbiased ap-
proximation may generalize badly, which will re-
sult in worse accuracies for ElNetCV . This re-
lates to Proposition 4.1 in the sense that the dis-
tance between any S and S k (in inf-norm and sig-
nature terms) can be large. In any case, M needs
to be chosen high enough for rough paths, but with
small K the system might become ill-conditioned
or even degenerate. High regularization will then
result from CV, which comes at the cost of higher
bias and lower (even IS) accuracy18. This issue is

18The accuracy that is good enough for the application at hand of

very dependent on the sample and its roughness,
but we generally discourage the approximation for
sample sizes log(K) < 3.

6.1.2. Empirical data
Data description and set up. Consider a universe of
U=4 investible instruments: equity (S&P500), fixed in-
come (US Treasuries), commodities (GSCI index) and
real estate (FTSE NAREIT index). We collect price data
(adjusted close prices) between Jan 1989 and May 2022,
which gives us T=8449 daily observations. Clearly,
these 4 different asset classes have different return,
volatility and drawdown characteristics, which argues
for combination and diversification. This can clearly be
seen from Figure .9.

As an investor, we hold a portfolio w, wi, i ∈ 1, ...,U,
which allocates a weight wi to each investible asset. In
these experiments, we attach P ∈ N sets of weights to
these assets and pick a τ < T such that we have T −
τ overlapping sample paths or a simple buy-and-hold
strategy over τ days for every p ∈ [0, ..., P]. Here we
pick τ = 20, so we model monthly sample paths of these
mixed asset class portfolios.

The drawdown distribution of the sample paths of
such a hypothetical portfolio is shown in Figure .10. If
the investor finds scenarios that breach certain levels of
drawdowns over the course of a particular month, she
needs to reallocate and increase her weights in lower-
drawdown instruments. For instance, through draw-
down optimization [10]), rescaling all portfolio weights
with a risk-free cash-like fraction wi(1 − wcash) that ex-
hibits no drawdowns (CPPI [40] or TIPP [41] strategy),
or by buying drawdown insurance instruments such as

course depends on the application (e.g. for a market generator with
10% drawdowns, improvements of some bps by the higher order M
might not be worth the extra computational time). Moreover, below
we will deal with data sets later that are considered large (in the order
of 8000 samples) from these standards.
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a barrier option [7][8]. However, traditional (G)BM-
implied distributions understate these probabilities. In
Figure .10, we compare the distribution with the distri-
bution that is implied by standard simulated Brownian
motion with the same volatility σ parameter as the port-
folios we have constructed. Note that one could also
use the closed forms from Douady et al. [21], Rej et al.
[20] and alike here. Importantly, we notice that the blue
density is merely an optimistic lower bound on the true
distribution of portfolio drawdown, and misses out on
the tails. This can also be seen in Figure .11. The direct
analytical link between generalized stochastic processes
and this distribution is far from trivial, as one can not
rely on Lévy’s theorem anymore (in contrast to the the-
oretical (G)BM case). In the next section, our method-
ology thus advocates a non-parametric approach to sim-
ulate paths that closely resemble the correct drawdown
distribution. We will adapt parameterized paths S θ such
that their drawdown distribution converges towards this
empirical drawdown distribution.

In this simulation we will:

• Generate a set of portfolio weights wp (index p for
portfolio) and construct T − τ paths, based on tak-
ing blocks b from the product of wp and S ’s cumu-
lative returns, the univariate portfolio paths S p.

• Calculate the drawdown Ξ(S b
p) and signatures

ΦM(S b
p) for each block and regress the two (for

increasing M in [1, ..., 10]), with defining the
(1 − ptest)(T − τ) first blocks as train sample and
remaining blocks as test sample. Note that there is
a strict train-test separation in time.

• Repeat P = 100 times and report average perfor-
mance.

Results and discussion. Our conclusions are analogous
to the bottom-up simulation experiments. The accura-
cies are shown in Table 1. We find consistent train and
test RMS E performance, which is expected given the
large K. The average discrepancy in train-test RMSE is
0.00016041, which is in line with Figure .6. In line with
Figure .7, from M > 5 we get accurate approximations
of ξ, after which it further improves at a much slower
rate.

The average and standard deviation of the computa-
tion time of one signature of a certain high order M
taken over 1000 iterations are displayed in Figure 2.
One finds diminishing improvements in RMS E for ex-
ponential increase in compute time, which might be
prohibitive for very large K. This will depend on the

M (K=8429, P = 100) RMSE Train RMSE Test
1 0.010393 (0.002399) 0.013613 (0.003181)
2 0.009492 (0.002154) 0.012383 (0.002879)
3 0.008024 (0.001817) 0.009181 (0.002153)
4 0.007005 (0.001511) 0.006439 (0.001468)
5 0.006858 (0.001501) 0.006240 (0.001482)
6 0.006723 (0.001387) 0.006479 (0.003023)
7 0.006631 (0.001299) 0.006611 (0.003950)
8 0.006526 (0.001282) 0.006659 (0.006091)
9 0.006491 (0.001327) 0.006549 (0.006716)
10 0.006451 (0.001365) 0.006744 (0.004720)

Table 1: ElasticNet CV(10) fit for empirical data

used hardware (the signatory package has built-in par-
allelization in its C++ backend) and own parallelization
choices. For this sample the improvements in accuracy
become negligible after M > 5, so it is not worth it to
include higher orders of M.

This can also be seen from Figures .12 and .13 which
show the train and test fit respectively for one set of
portfolio weights (equal weighted). It becomes apparent
that signatures linearize the relationship between portfo-
lio paths and their drawdowns well and that this applies
to both smaller and higher (tail) drawdowns. From these
values we can deduce that improving accuracy in the or-
der of a few basis points (bps) does not justify the ex-
ponential increase in compute. Moreover, from a mar-
ket generator application perspective (next section) the
replication of a drawdown up to a few bps in the objec-
tive function is likely to be spurious precision compared
to total objective value.

Figure 2: Average and standard deviation of compute times (in sec-
onds) of a signature of order M taken over 1000 iterations

6.2. Drawdown market generator: results and discus-
sion

The main findings are summarized in Figures 3 and
4. More details can again be found in the appendix
on numerical results (7). Figure 3 shows the gener-
ated paths of a standard VAE model versus the draw-
down market generator, denoted by ξ-VAE. It is clear
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(a) Generated VAE (b) Generated ξ-VAE

(c) Original

Figure 3: Generated paths versus original sample paths

(a) VAE generated versus actual ξ quantiles (b) ξ-VAE generated versus actual ξ quantiles

Figure 4: Drawdown QQ plots

that the original VAE generates reasonably realistic sce-
narios, but is reminiscent of Figure .10 in the sense that
the paths are non-Brownian but still too centered around
the Brownian-like distribution (the densely colored ar-
eas). This is also clear from Figure .14. To summarize
our architecture from this perspective, the standard VAE
reconstruction term focuses on reproducing the top dis-
tribution (L2 loss over a particular batch) such that it
misses out on the tails. The ξ-VAE fits both the top and
the bottom distribution such that it includes more tail
(drawdown) scenarios. In sum, we find that the standard

VAE shows a lack of more extreme adverse scenarios.

This also becomes apparent in Figure .15, which plots
the synthetic and actual drawdowns as a scatter. The
standard VAE does a good job in capturing most part
of the moderate drawdowns, but is scattered towards
the higher drawdowns and produces none in the tail,
while this is resolved with the ξ-VAE. Moreover, from
the cumulative drawdown distribution the Kolmogorov-
Smirnoff test that the synthetic drawdowns come from
the same distribution as the original one cannot be re-
jected for both the standard and ξ-VAE, as we know
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the standard KS statistic is not sensitive to diverging
tail distributions. A closely related graph is Figure 4,
which plots the same scatter but using ordered obser-
vations (i.e. quantiles) and a first bisector line which
would fit the data if the synthetic drawdown distribution
has exactly the same quantiles as the original distribu-
tion. Again we find that the VAE misses out on captur-
ing tail drawdown scenarios, while ξ-VAE does a much
better job. This is not done by just memorizing the train-
ing samples and reproducing them exactly as the bottle-
neck VAE architecture forces a lower-dimensional rep-
resentation of the training data (i.e. the non-parametric
DGP). The autoencoder serves as a dimension reduction
mechanism, rather than trivially mirroring the training
data. That is why one sees different simulated paths
than identical ones to the input samples, and why by
using the trained decoder as a non-parametric DGP one
can create an infinite amount of genuinely new data with
the same distribution as the training data. Moreover,
both train and validation losses flat out at convergence
(please find Appendix 7 with details on the training and
test convergence) while purely mirroring data would im-
ply training losses would be minimal at the cost of high
validation losses.

7. Conclusion

Learning functions on paths is a highly non-trivial
task. Rough path theory offers tools to approximate
functions on paths that have sufficient regularity by con-
sidering a controlled differential system and iterating
the effect of intervals of the (rough) path on the (smooth)
outcome function. One key path dependent risk func-
tional in finance is a portfolio value path’s drawdown.
This paper takes the perspective of portfolio drawdown
as a non-linear dynamic system, a controlled differential
equation, rather than directly analyzing the solution, or
the exact expression of drawdown containing the run-
ning maximum operator. It relied on some important in-
sights from the theory of rough paths to pinpoint that by
taking this perspective, rather than continuous differen-
tiability, a more general regularity condition of bounded
changes in drawdown as a function of changes in in-
put paths is sufficient to use a non-commutative expo-
nential to interpolate between the two types of path de-
pendent effects of a driving path on its resulting draw-
down by numerically approximating the average nested
effect. This thus allows one to locally approximate the
drawdown function without having to evaluate its exact
expression and in the meantime leapfrogging the inher-
ent path dependence of its time derivatives. The lin-
ear dependence of a path’s drawdown on its differen-

tiable signature representation then allows one to em-
bed drawdown evaluations into systems of differentiable
equations such as generative ML models. We prove
this required regularity w.r.t. drawdown: the bound-
edness of its time derivatives allows us to write it in a
more general controlled differential equation notation,
and the Lipschitz regularity of the drawdown function
assures bounded errors in its convergence proofs. That
is why we then illustrated the consistency of the approx-
imation: on simulated fractional Brownian and on real-
world data, regression results exhibit a good fit for pe-
nalized linear regression (Elastic Net regression) when
one has a reasonable sample size. Finally, our proposed
application of the approximation is a so-called market
generator model that evaluates the synthetic time series
samples in terms of their drawdown. We argue that by
including a drawdown learning objective, upon conver-
gence of this reconstruction term in train and validation
steps, one gets more realistic scenarios than the stan-
dard VAE model that exhibit quantifiably (i.e. the mea-
sured loss convergence) close drawdowns to the empiri-
cal ones, hence effectively reproducing the drawdown
distributions without trivially mapping input paths to
output paths.

Future work will focus on extending this applica-
tion and further applying it to portfolio drawdown opti-
mization, where one can for example test a data-hungry
drawdown control strategy over a host of synthetic sce-
narios rather than the single historical one. In this
context, learning drawdown scenarios can be seen as
a denoising mechanism to first remove noise (encod-
ing), then adding new noise (decoding new samples),
then constructing an ensemble average strategy over a
host of noisy scenarios that cancels out by construc-
tion instead of by assumption for historical scenarios
(e.g. bootstrap methods). This non-parametric Monte
Carlo idea could hence robustify one’s methodology
further as a mathematically principled data augmenta-
tion technique. Moreover, the non-parametric nature of
our Monte Carlo engine opens possibilities to full non-
parametric pricing of path dependent (e.g. barrier) max
drawdown insurance contingent claims.
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Appendix: Controlled differential equations and
path signatures

Controlled differential equations

We are generally interested in a CDE of the form:

dYt = g(Yt)dXt (.1)

where X is a continuous path on [0,T ] −→ R, called the
driving signal of the dynamic system. g is a R −→ R
mapping called the physics that models the effect of dXt

on the response dYt. A controlled differential equation
(CDE) distinguishes itself from an ordinary differential
equation in the sense that the system is controlled or
driven by a path (dX) rather than time (dt) or a random
variable (stochastic SDEs, dε).

Signatures

A series of coefficients of the path that naturally ar-
rives from this type of equation is the series of iterated
integrals of the path, or the path signature Φ. The sig-
nature of a path X : [0,T ] −→ R can be defined as the
sequence of ordered coefficients:

Φ(X) = (1,Φ1, ...,Φn, ...) (.2)

where for every integer n (order of the signature):

Φn(X) =
∫
...

∫
u1<...<un,u1,...,un∈[0,T ]

dXu1 ⊗ ... ⊗ dXun (.3)

where we define the n-fold iterated integral as all the
integrals over the n ordered intervals ui in [0,T]. The
signature is the infinite collection for n −→ ∞, although
typically lower level M truncations are used.

ΦM(X) = (1,Φ1, ...,ΦM) (.4)

Picard Iterations

The idea behind a Picard iteration is to define for:

dYt = g(Yt)dXt (.5)

a sequence of mapping functions Y(n) : [0,T ] −→ R
recursively such that for every t ∈ [0,T ]:

Y(0)t ≡ y0 (.6)

Y(1)t = y0 +

∫ t

0
g(y0)dXs (.7)

Y(n + 1)t = y0 +

∫ t

0
g(Y(n)s)dXs (.8)

Now by simple recursion one finds that (for a linear
g):

Y(n)t = y0+

n∑
k

g⊗k(y0)
∫
...

∫
u1<...<un,u1,...,un∈[0,T ]

dXu1⊗ ...⊗dXun

(.9)
Such that a solution for Yt would be:

Yt = y0 +

∞∑
k

g⊗k(y0)
∫
...

∫
u1<...<uk ,u1,...,uk∈[0,T ]

dXu1 ⊗ ... ⊗ dXuk

(.10)
This result shows how the signature, as an iterative rep-
resentation of a path over ordered intervals, naturally
arises from solving CDEs using Picard iterations, and
how it is a natural generalization of Taylor series on the
path space when the physics is linear.

g◦1 = g (.11)

g◦n+1 = D(g◦n)g (.12)

then it is natural to define the N-step Taylor expansion
for Yt by Ŷ(N)t as:

Ŷ(N)t = y0+

N∑
n=1

g◦n(y0)
∫
...

∫
u1<...<un,u1,...,un∈[0,T ]

dXu1⊗...⊗dXun

(.13)
Clearly, Ŷ(N)t is linear in the truncated signature of X
up to order N19.

Example. The simplest example of:

dYt = g(Yt)dXt (.14)

is a linear physics for a linear path X:

dYt = YtdXt (.15)

where:
g = g◦1 (.16)

g◦n+1 = D(g◦n)g (.17)

Xt = X0 +
XT − X0

T
t (.18)

and assuming:
y0 = 1 (.19)

X0 = 0 (.20)

19Moreover, the error bounds of Ŷ(N)t to approximate Yt yield a

factorial decay in terms of N, i.e. |Yt − Ŷ(N)t | ≤ C
|X|N+1

1,[0,t]
N! . This result

can be extended to p-geometric rough paths where g is a Lip(K) where
K > p − 1 [31].
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Indeed, this yields the exponential function Yt =

exp(Xt). For non-linear driving signals (where the or-
der of the events matter), one generally gets a non-
commutative version of the exponential function in Eq.
(.10)! For linear time, the order of events does not mat-
ter and we generally get the increment of the path raised
to the level of the iterated integral, divided by the level
factorial (i.e. the area of an n-dimensional simplex).

This can be seen from:

Yt = y0+

N∑
n=1

Y◦n
∫
...

∫
u1<...<un,u1,...,un∈[0,T ]

dXu1⊗...⊗dXun (.21)

now it is easy to see that:

Φn =

∫
...

∫
u1<...<un,u1,...,un∈[0,t]

dXu1 ⊗ ... ⊗ dXun

=

∫
...

∫
0<u1<...<un<t

d(
Xt

t
u1)...d(

Xt

t
un)

=

n∏
j=1

(
Xt

t
)
∫
...

∫
0<u1<...<un<t

du1...dun

=
1
tN

n∏
j=1

(Xt)
tN

n!
=

(Xt)n

n!

(.22)

such that:

Yt = y0 +

N∑
n=1

y0
1
n!

(Xt)n = 1 + (Xt) +
(Xt)2

2!
+

(Xt)3

3!
+ ...

(.23)
Which is the classical Taylor expansion for the expo-
nential function, i.e. linear physics integrated over a
linear path (time). Now the signature approximation is
the generalization of this idea to the path space (i.e. Y
is a function on a path), where the path Xt need not be a
linear map of time, and the physics g need not be linear
(e.g. drawdown Eq. (5)).

Appendix 2: Variational Autoencoders

This section gives an overview of the variational au-
toencoder architecture. VAEs converge fast20, are more
stable than competing architectures, and they allow us
to interpret the (conditional) distributions after training.

Below, we discuss the mappings fΘ(X) and f −1
Θ

(Z)
between the data and latent distributions, the original

20First experiments with VAE resulted in similar performance met-
rics with GAN, where VAE was trained c.30 seconds and GAN c.30
minutes.

loss function L(X, X′) (which we revised in drawdown
terms in this paper), the training algorithm and the hy-
perparameters.

General architecture

Figure .5: VAE architecture overview

The architecture of a VAE is summarized in Figure .5.
As input we have a Dp-dimensional space X, the phys-
ical data domain that we can measure. Using a flexible
neural network mapping fΘ : RDp → RDl ,Dl << Dp,
called the encoder, we compress the dimension of the
data into a Dl-dimensional latent space Z, e.g. 10-
dimensional. Using the reparametrization trick ([42])
we map Z onto a mean µ and standard deviation σ vec-
tor, i.e. onto a Dl-dimensional Gaussian, e.g. a 10-
dimensional multi-variate normal distribution. Starting
from multi-variate normal data, we can recombine µ and
σ into a Dl-dimensional Z. The decoder neural network
f −1
Θ

: RDl → RDp maps the latent space back to the
output space PΘ(X′) where X′ can be considered recon-
structed samples in the training step, or genuinely new
or synthetic samples in a generator step. The quality of
the VAE clearly depends on the similarity between P(X)
and PΘ(X′).

Encoder - decoder networks

Let us now zoom in on fΘ(X) and f −1
Θ

(Z). Each neural
network consist of one layer of J mathematical units
called neurons:

fΘ j = A(
Dl∑
i

θi, jxi) (.24)

Every neuron takes linear combinations θi of the in-
put data point xi and is then activated using a non-
linear activation function A, such as rectified linear units
(ReLU), hyperbolic tangent (tanh) or sigmoid. In this
paper we use a variant of ReLU called a leaky ReLU:
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LReLU(x) = 1x<0αx + 1x≥0x (.25)

where α is a small constant called the slope of the
ReLU. The J neurons are linearly combined into the
next layer (in this case Z):

Zk :=
J∑
j

θ j,k fΘ j (.26)

for every k in Dl. The decoder map can formally be
written down like the encoder, but in reverse order.

Loss function

The loss function of a VAE generally consists of two
components, the latent loss (LL) and the reconstruction
loss (LR):

L(X, X′) = βLL + (1 − β)LR (.27)

The latent loss is the Kullback-Leibler discrepancy
between the latent distribution under its encoded
parametrization, the posterior fΘ(X) = PΘ(Z|X), and
its theoretical distribution, e.g. multi-variate Gaussian
P(Z). Appendix B in [38] offers a simple expression
for LL. The reconstruction loss is the cost of reproduc-
ing PΘ(X′) after the dimension reduction step, and orig-
inally computed by the root of the mean squared error
(RMSE or L2-loss) between X and X’.

L(X, X′) = β
1
2

K∑
k

(1 + σ − µ2 − exp(σ))

+(1 − β)E(||X − X′||2)

(.28)

Training

In terms of training, the learning algorithm is ana-
loguous to most deep learning methods. Optimal loss
values L∗ are determined by stochastically sampling
batches of data and alternating forward and backward
passes through the VAE. For each batch the data is first
passed through the encoder network and decoder net-
work (forward pass), after whichL is evaluated in terms
of Θ. At each layer, the derivative of L vis-a-vis Θ
can easily be evaluated. Next (backward pass), we say
the calculated loss backpropagates through the network,
and Θ are adjusted in the direction of the gradient ∇ΘL
with the learning rate as step size. The exact optimizer
algorithm we used for this is Adam (Adaptive moments
estimation, [43]). Finally, we also use a concept called
regularization, which penalizes neural models that be-
come too complex or overparametrized. We used a tool

called dropout, that during training randomly sets a pro-
portion of parameters in Θ equal to zero, and leaves
those connections at zero that contribute the least to the
prediction.

Hyperparameters

In summary, the hyperparameters of this architecture
are: (1) the number of neurons in the encoder, (2) the
number of neurons in the decoder, (3) the latent dimen-
sion Dl, (4) the learning rate l, (5) the optimizer algo-
rithm, (6) the dropout rate, (7) the batch size Nb, (8)
batch length τ and (9) number of training steps Nt. We
opted for the following set up, which was optimized us-
ing grid search: 50, 50, 10, 0.001, Adam, 0.01, 50, 20,
200 (with early stopping criteria21).

Generation

After training, in the sampling or generation step, we
start from a random Dl-dimensional noise ϵ ∼ P(Z)
which is Dl-variate Gaussian. Now, we simply need one
decode step to generate new samples of PΘ(X′).

21Not all Nt = 200 steps are executed if the objective values (both
total and individual terms) are not improved over e.g. the last I train-
ing iterations. For a standard VAE this is the total objective value,
latent loss and the reconstruction loss, for the ξ-VAE drawdown con-
vergence is now an additional criterion. After some fine-tuning I was
set to 3.
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Appendix 3: Numerical results

Consistency and convergence of linear drawdown approximation in the signature space

Figure .6: In- and out-of-sample accuracy difference as a function of sample size log(K) (Red = averaging out over H to get a line per
value of M, blue = opposite and black is overall average over both M and H).

Figure .7: Train and test RMS E (y-axis) as a function of signature approximation order M. Average over K and H is shown on the
left. An average per K is shown on the right.
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Figure .8: Train and test RMS E as a function of the roughness H

Empirical data overview

Figure .9: Data overview: return, volatility and drawdown heterogeneity among asset classes.
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Empirical drawdown distribution

Figure .10: Drawdown distribution of a real-world mixed asset class portfolio versus the fitted theoretical drawdown distribution if
the underlying DGP would be Brownian Motion (BM) with the same average volatility as the sample paths.

Figure .11: Zoom on the tail of the empirical versus theoretical drawdown distribution.
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Empirical data: drawdown approximation fit

Figure .12: Train fit empirical data for one set of portfolio weights
(equal weighted): scatter (left) and QQ plot (right)

Figure .13: Test fit empirical data for one set of portfolio weights
(equal weighted): scatter (left) and QQ plot (right)

Drawdown market generator
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(a) Return distribution VAE (b) Return distribution ξ-VAE

(c) Drawdown distribution VAE (d) Drawdown distribution ξ-VAE

Figure .14: Generated versus actual drawdowns and returns distribution

(a) VAE (b) ξ-VAE

Figure .15: Generated versus actual drawdowns scatter
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Drawdown market generator loss convergence

Figure .16: Drawdown market generator: total loss convergence (rescaled)

Figure .17: Drawdown market generator: latent (KL) loss convergence (rescaled)
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Figure .18: Drawdown market generator: total reconstruction loss convergence (rescaled)

Figure .19: Drawdown market generator: drawdown reconstruction loss convergence (rescaled)
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